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In this paper, we introduce special equiform Smarandache curves reference to the equiform Frenet frame 
of a curve ¢ on a spacelike surface M in Minkowski 3-space E}, Also, we study the equiform Frenet 
invariants of the spacial equiform Smarandache curves in EB}. Moreover, we give some properties to these 
curves when the curve ¢ has constant curvature or it is a circular helix. Finally, we give an example to 


© 2017 Egyptian Mathematical Society. Production and hosting by Elsevier B.V. 


This is an open access article under the CC BY-NC-ND license. 
(http://creativecommons.org/licenses/by-nc-nd/4.0/) 


1. Introduction 


A regular non-null curve in Minkowski space-time, whose posi- 
tion vector is composed by Frenet frame vectors on another regular 
curve, is called a Smarandache curve [1]. Recently special Smaran- 
dache curves have been studied by some authors [2-5]. 

In this work, we study special equiform Smarandache curves 
with reference to the equiform Frenet frame of a curve ¢ ona 
spacelike surface M in Minkowski 3-space BE}. In Section 2, we 
clarify the basic conceptions of Minkowski 3-space E? and give 
of equiform Fremet frame that will be used during this work. 
Section 3 is delicate to the study of the special four equiform 
Smarandache curves, Tn, Té, n& and Tn&-equiform Smarandache 
curves by being the connection with the first and second equiform 
curvature k,(@), and k2(@) of the equiform spacelike curve ¢ in 3 : 
Furthermore, we present some properties on the curves when the 
curve ¢ has constant curvature or it is a circular helix. Finally, we 
give an example to clarify these curves. We hope these results will 
be helpful to mathematicians who are specialized on mathematical 
modeling. 
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2. Preliminaries 


The Minkowski 3-space ES is the Euclidean 3-space E> provided 
with the metric 


2 2 2 
G = —dz; + dz5 + dz3, 


where (21, Z2, Z3) is a rectangular coordinate system of E3. Any ar- 
bitrary vector v € E can have one of three Lorentzian clause de- 
picts; it can be timelike if G(v, v) < 0, spacelike if G(v, v) > 0 or 
v =O, and lightlike if G(v, v) =0 and v ¥ O. Similarly, any arbi- 
trary curve ¢ = ¢(s) can be timelike, spacelike or lightlike if all of 
its velocity vectors ¢’(s) are timelike, spacelike or lightlike, respec- 
tively. 

Let ¢ = €(s) be a regular non-null curve parametrized by arc- 
length in E and {t, n, b, «, tT} be its Frenet invariants where {t, n, 
b}, « and t are the moving Frenet frame and the natural curvature 
functions respectively. If ¢ is a spacelike curve with spacelike prin- 
cipal normal vector, then the Frenet formulas of the curve ¢ can be 
given as [6-8]: 


t(s) 0 K(s) 0 t(s) 
n(s))=[(-K(s) O  t(s)}{ n(s) }. (1) 
b(s) 0 t(s) 0 D(s) 


where (-=5): G(t,t) =G(n,n) = —G(b,b) =1, and G(t,n)= 


G(t, b) = G(n, b) = 0. 
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Definition 2.1. A surface M in the Minkowski 3-space Ee is said to 
be timelike, spacelike surface if, respectively the induced metric on 
the surface is a Lorentz metrica, positive definite Riemannian met- 
ric. In other words, the normal vector on the timelike(spacelike) 
surface is a spacelike(timelike) vector [8]. 


Let €:I> E be a spacelike curve in Minkowski space EF We 
define the equiform parameter of ¢ by 6 = fxds. Then, we have 


p= ay where p = is the radius of curvature of the curve ¢. Let 


F be a homothety with the center in the origin and the coefficient 
lL. If we put ¢ = F(¢), then it follows 


s=psand p=9:, 


where § is the arc-length parameter of ¢ and # the radius of cur- 
vature of this curve. Therefore, 0 is an equiform invariant param- 
eter of ¢ [9]. From that point, we recall {T, n, &,} be the mov- 
ing equiform Frenet frame where T(0) = pt(s), n(@) = pn(s) and 
&(@) = op b(s) are the equiform tangent vector, equiform princi- 
pal normal vector and equiform binormal vector respectively. Ad- 
ditionally, the first and second equiform curvature of the curve 


¢ =¢(0) are defined by kj(9)=p= A and k)(@) = <. So, the 
moving equiform Frenet frame of ¢ = €(@) is given as [10]: 


T'(@) k, (0) 1 0 T(0) 

(1:9) = ( —1 ki (0) ii) (m0) (2) 
E'(0) 0 k(0) =k (0) 7 \E@) 

where a ap G(T,T) = G(n,n) =-G(E,€) = p?, and 


G(T, n) = G(T, €) = G9, €) = 0. 
The pseudo-Riemannian sphere with center at the origin and of 
radius r = 1 in the Minkowski 3-space E is a quadric defined by 


St ={@e ER: -uj+u3+uz=1.} 


Let ¢ =¢(0) be a regular non-null curve parametrized by arc- 
length in Minkowski 3-space E? with its moving equiform Frenet 
frame {T, n, &,}. Then Ty, TE, n& and Tné-equiform Smarandache 
curves of ¢ are defined, respectively as follows [11]: 


3 = 36) = (TO) +0), 

3 = 96°) = (70) + £0), 

3 = 30°) = 50) +£)), 

3 = 30") = (TO) +1) +60). 

3. Special equiform Smarandache curves in E3 


In this section, we define the special equiform Smarandache 
curves reference to the equiform Frenet frame of a curve ¢ 
in Minkowski 3-space E?. Furthermore, we obtain the natural 
equiform curvature functions of the equiform Smarandache curves 
lying completely on pesdo-sphere 5, and give some properties on 
the curves when the curve ¢ has constant curvature or it is a cir- 
cular helix 


Definition 3.1. A curve in Minkowski space-time, whose position 
vector is composed by Frenet frame vectors on another curve, is 
called a Smarandache curve. 


As consequence with the above definition, we introduce a spe- 
cial form of the equiform Smarandache curves in E? in the follow- 
ing subsection 


3.1. Tn-equiform Smarandache curves in i 


Definition 3.2. Let ¢ = ¢(@) be a regular equiform spacelike curve 
lying completely on a spacelike surface M in E} with moving 
equiform Frenet frame {T, 7, €}. Then Ty-equiform Smarandache 
curves are defined by 


1 

T(0)+7(@)). 3 
a (0) +n(@)) (3) 
Theorem 3.1. Let ¢ = €(s) be a spacelike curve with spacelike prin- 
cipal normal vector in E. If ¢ is a circular helix with k > O, then 
Tn-equiform Smarandache curve is also circular helix and its the nat- 
ural curvature functions are satisfied the following equation, 


v2 


¥ = 9(0*) = 


Kx(0*) = pi 2) : ko A4V2, 
(04) v2 ky (2k2 +1) — (k3 — 1)[k2 + k3 (kz + 2)| . 
2(k3 + 2) 
ky # -V2. (4) 


Proof. Let § = 3(8*) be a Tn-equiform Smarandache curves refer- 
ence to the equiform spacelike curve ¢ = ¢(@). From Eq. (3) and 
using Eq. (2), we get 


VO Fe Te = elk — 078) + (hs + 116) + ha). 
(5) 

hence 

T3(6")=— 


((ki — 1)T(0)+(ki +1) (@) + ko& (@)), 
p/2kt — kj —2 


(6) 


where 


dor _ py/2ki—K- 2 6 


dé V2 


Now 
dT V2 
d0* 2 [ 2k? — k2 - 2] 


5 (A1T (0) + Aan(@) + As), 


where 
Ay = (ky — 1) (2k ky, — kak) + (2kt — kB — 2) (ki, + k? — 3k), 
Aa = (ky +1) (2k ky — kok) + (2kF — k3 — 2)(ky +k + kB + ky — 2), 


Ag = ko (2kiki, — kok’,) + (22 — k2 — 2)(k, + 2ky ko). 


Then 

dh 2(At + 3 — A3) 
K3(0*) = | qo y (8) 

p[2k? — k3 - 2] 
and 
Na (02) = EO) + 220) + 436), 
Pry az tag —As 

Also 


By (6*) = = (mT@) + myn(0) + m3 (0)}, 


where 
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m, = Agkz — 23(k, +1), 

Mz = Azgk2 — d3(k, — 1), 

m3 = Ao(ky — 1) — Ay (ky +1) 

and p; = p,/2k? — k3 — 2,/44 +.A3 — 23. 
Now, from Eq. (5) 


3(6") = = {le 2 — 2k; — 1170) +[K, 42 
K+ 2k — 110) + [ky + 2k ke 4 kl). 
and thus 
1 
W”"(6*) = —(B,T(O) + O)+ 6)), 
v" (8*) yy (Bi (0) + Ban(@) + B3&(@)) 
where 
By = KY + 3k) (ky — 1) + ko (ky — 3) — ko (kp +2), 
Bo = Kl +k, +3, + kok) + 3k (ky — 1) + (BK, +1) - 1, 
Bs = KL +43 (RK, + kok) + 3kiky (ky +1) — ky. 


Hence, we have 


J2 W,+W2+W3 

T3(0*) = (9) 
p? | @€+2-8 

where 

W= (ki Ke + KB + 2k 1)[Bs3 (ky =_ 1) = By ko], 


W2 = (ky + 2ky kz + kz) [Bi (ka + 1) — Ba(ki — 1)], 

w3 = (ky + kj — 2k; — 1)[B2k2 — B3(ki + 19), 

4, = kik k5 (ki + 1) + ko (kz ki ky 2), 

f= ki ko ks (ky 1) ky kz (ky + 1), 

3 = ky (2k, +1) — 2k, +3 (ky +1) +2. 

Now, if « and t are non-zero constants, then the natural curva- 
ture functions kK, Tx are also non-zero constants and satisfying 


Eq. (4) which means that the Ty-equiform Smarandache curve is 
circular heilx. 


3.2. T&-equiform Smarandache curves in E} 


Definition 3.3. Let ¢ = ¢(@) be a regular equiform spacelike curve 
lying completely on a spacelike surface M in E} with moving 
equiform Frenet frame {T, 7, €}. Then T&-equiform Smarandache 
curves are defined by 


1 
wae + §(@)). (10) 


Theorem 3.2. Let ¢ = ¢(s) be a spacelike curve with spacelike prin- 
cipal normal vector in E}. If ¢ is a circular helix with k > O, then 
Té-equiform Smarandache curve is contained in a palne and its cur- 
vature is satisfied the following equation, 


V2, (1 = k3) (ka + 1)2 — k3(BK3 = 2) | 
po ky + 1)? 


Proof. Let 3 = 3(0*) be a T&-equiform Smarandache curves of ¢ = 
¢(@). Then from Eq. (10), we have 


¥=9(0*) = 


K3(0*) = ky 4-1. (11) 


¥(6*) = FT) + (ky + 10) + hE (0). (12) 


T;(0*) = (ki T(O) + (ko + 1)n(@) + (O)), (13) 


1 
p(k, +1) 
where 


d0* — p(k +1) 


dé v2 


(14) 


Now 
TE TET + ean) + e580), 
where 
& = (ky +1) (ky — kp — 1) — yh, 
&2 = ky (ky + 1)?, 
&3 = (ky + 1)[ky + ko (ko + 1) +3 — kt] — ky ke. 
Then 
OR ie cs (15) 
P(ky + 1)3 
and 
N3(6*) = £1 (0) + €2n (0) +6360) 
Also 


By(6*) = 5 {leak £3 (ky +1)]T(G) + ki (er — 6306) 
+ [eaki — e1 (ko + yEo)|. 


where py = (ky + 1),/e4 + 84 — €4. 


Now, from Eq. (12) we have 


¥"(6*) = walle | k2 = key + 1]T(O) + [ki + 2k (ko +2)10(9) 
+ [ki + kp (2k + DEO, 
and 


y”(6*) = iT) + don (0) + 53& (0)), 


where 
5) = ky — kh + 3ky (ky — ko) + ki (ki - 1), 

by = kf +k + 3( kiko + kik) + kf (2k + 3) 

+ ko (2k3 + ky —1) +1, 

53 = ky + kh + ky (ky + 3k2) 


Hence, we have 


ko (5k, + 4k, kp). 


(ki, + 2K3 + kp) [51 (ky + 1) — bak] + ki (53 — 81) 
2ky ka + 2ky) + (ky + KF = ko +1)[S2k1 — 83 (ko + 1)] 
p? {kiki + (ko + 1) (2K3 — ky) — ko (23 + 3kz + 1)" 

+ {ka [k2 — ka (ky +1) +1}? 

{key ke, + KB — 2 — ky (ky +1) + 3 (kp +1) - 1) 


(16) 


So, if « and t are non-zero constants, then «x is non-zero constant and sat- 
isfying Eq. (11), also ts = 0 which means that the Té-equiform Smarandache 
curve is contained in a plane. 


3.3. n&-equiform Smarandache curves in - 


Definition 3.4. Let ¢ = ¢(@) be a regular equiform spacelike curve 
lying completely on a spacelike surface M in E} with moving 
equiform Frenet frame {T, 7, &}. Then n&-equiform Smarandache 
curves are defined by 


s(n) +6(0)), (17) 


Theorem 3.3. Let ¢ = ¢(s) be a spacelike curve with spacelike prin- 
cipal normal vector in E}, If ¢ is a circular helix with x > 0, then 


¥ = 9(6*) = 
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n&-equiform Smarandache curve is also circular helix and its the nat- 
ural curvature functions are satisfied the following equation, 


Kx(0*) = Y2(K3 = 1) 


Ts (O*) = 


(18) 
ky x 0. 


ae) 


Proof. Let 3 = 3(0*) be a n&-equiform Smarandache curves of the 
curve ¢ = €(@). From Eq. (17), we get 


¥(0*) =! TO) + (ky + k2)n(@) + (ky + k2)§ ()), (19) 


hence 


T(0") = 7 (-T(0) + (ka + Ra)n(O) + (ks +ha)E(@)), (20) 
where 

dé* 

ae (21) 
Now 

Te = LET) + ran(0) + 156(0)). 

where 


MY = —(ki + kz), 
Yr = ky + ky + ko(ky +k) - 1, 


y3 = ky + ky + ko(ky +k). 


Then 
2(v? + v2 - y3) 
K3(0*) = ; (22) 
p 
and 
T(O)+ 6)+ 6 
Nx(6*) = vwiT(@) uh 2 a ) 
Py Yi + V3 -¥3 
Also 
1 
By(0*) = ky) |T(O) 


{[(72 — v3) (ki 4 
p Vv V7 a Vs a y3 : : 
t+[y3 +1 (ki + ko) In @) — [v2 +1 ki + ka IE CO)}. 
From Eq. (19), we have 


¥"(6%) = t-L2ks + bo) [ki + ky + (ky + ko)? — 1106) 


+[ky + ky + (ki + ko)? JE (O)}, 


and 
9" (6") = Fy iT) + w2n(0) + 036 (0)), 
where 


i a [3k + 2k, + ky (2k, + ka) + (ki + ko)? 1], 
2 = kf + ky — 3ky — kp + 3(ky +k) (ky +k) + (kn +k), 
ky + 3(ky + ko) (ky + kh) + (kr + k2)?. 
Hence, we have 
[k{ ky (ky t ky)? 1][@3 t+ Wy (ky + k2)] 
v2 —[ki tle ks + (ky +k)? ][@2 + QW, (ky +k2)] 
(@3 — Wz) (ky + kp) (2k + kz) 
p2{k? — k3 +2(k, +k,)} 


/ 
W3 = ki 


T3(0*) = 


(23) 


Then, if « and t are non-zero constants, then the natural curva- 
ture functions «3, T3 are also non-zero constants and satisfying 
Eq. (18) which means that the n£-equiform Smarandache curve is 
circular heilx. O 


3.4. Tn&-equiform Smarandache curves in Ee 


Definition 3.5. Let ¢ = ¢(@) be a regular equiform spacelike curve 
lying completely on a spacelike surface M in E? with moving 
equiform Frenet frame {T, 7, &}. Then Tn&-equiform Smarandache 
curves are defined by 


1 

T(0)+n(0)+&(@)). 24 
Be eee) (24) 
Theorem 3.4. Let ¢ = ¢(s) be a spacelike curve with spacelike prin- 
cipal normal vector in E}, If ¢ is a circular helix with k > 0, then 
Tné-equiform Smarandache curve is also circular helix and its the 
natural curvature functions are satisfied the following equation, 


V3,/2(1 — ko) 
Kx(0*) = a : 
_ 4P 
V3 ko(kK§ +1) 
32 (kz — 3) (kp +1)2 © 
Proof. Let 3 =8(6*) be a Tn&-equiform Smarandache curves of 
the curve ¢ = ¢(0). Then from Eq. (24), we get 


3=9(6*) = 


Iki] <1, 
(25) 


T3(0*) = ky 4-1, 3. 


VO) = aah INTO) + (ky + kp +1) @) + (ky + ka )E)). 


(26) 
1 
Ts(0*) = kh 1)T(O) + (ky + ko +:1)N(O 
3(@*) AW ro Tey )T(@) + (ki + ko +1) (@) 
+ (ki + k2)&(8)), (27) 
where 


dd* pp, /k? + 2kp +2 (28) 
do V3 
Now 


aT V3 
de p? [ki + 2ko + 2| 


5 (X1T (0) + X20 (8) + X38 (P)), 


where 
X1 = (ky — 1) (kik +5) — (kp + 1) (kG + 2k2 +2), 
Xo = (kt + 2kp + 2)[ ki + Ky + ky + ko (ky + ky) — 1] 
(ky ki + k5) (ky +k +1), 
X3 = (kt + 2kp + 2)[k + Ky + ko (ky + kp +19] 
+ (ky + ka) (kik, +k). 


Then 
3(x? + x2 - x2) 

Kg (0") = —_ (29) 
pki + 2k. +2] 

and 


Ny (*) = X1E(G) + x2 (8) + X36 (8) 


pr x7 + x3 - x3 


Also 


By (6") = 


1 
Px/k? + 2k + 2,/x? + x2 — x? 
X3) (ki + kz) |T(O) 
1)]n@) + [X2(k2 - 1) 


{I x3 + (X2 
+ [xX1(ki + ko) — x1 (ka 
— xii ++ DIE), 
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Fig. 1. Spacelike curve ¢ = ¢(s) on Si. 


From Eq. (26), we have 


910") = AUG = ks — ko = 117) 


[ky + ky + 2ky + (ky + ko)? — 119) 
[ki + ky + ko + (ky + ko) 1E()}, 


and thus 
9” (0*) = qT) + don (6) + b3& (8)), 
where 


On = 2k, (ky + 1) 2k, + ky (k? ky ko 2) + 
by = KY + E+ 2K, + ko(ky — 1) 430k + K(k, 
ky (2k? + ky —1)+ (ky 4 ky) 1, 

by =k + RE + 4K, + ko(Bky — 1) + 3k + ka) (K, +k) 
+ (ky + ko). 


ie 
+ ks) 


Hence, we have 


ae tna 


Ty 6*)= 
Oo Pea 


(30) 


where 


y= (kt — ky — ky — 1)[@2 (ky + ka) — @3 (ky + kg — 1), 


V2 = [ky + ko + 2k, + (ky + ky)? — 1]b3 (ki — 1) — G1 (ky + ka)]), 
V3 = [ky + ky + ko + (ky + ka) M01 (ki + kp — 1) — b2 (ki — 1)), 
a= (ky t ky) (2k, kp 1) [ki + ks t 2k, (ky t ka)? ], 


qa = —(ky + ka) (kiko +1) — (ky — 1) (ky + ky + kp), 
B= (ky 1) [kj + ks 2k + (ky + ko)? ] + ky (2k, 3) 
+(k+14+ kp +1)[2(ko +1) — ki (ky +:1)] +1. 


Now, if « and t are non-zero constants, then the natural curva- 
ture functions «3, Ty are also non-zero constants and satisfying 
Eq. (25) which means that the T7-equiform Smarandache curve is 
circular heilx. 


Fig. 3. The T7-equiform Smarandache curve 3(6*) on S¢. 


4. Example 


Let ¢(s) = (v3s, ssin (V3Ins), scos(V3Ins)) be a unit speed 
spacelike curve parametrized by arc-length s with spacelike princi- 
pal normal vector in E (see Fig. 1). Then it is easy to show that 

t(s) = (V3, sin (V3 Ins) + V3 cos (V3 Ins), 
cos (/3 Ins) — /3sin(J/3Ins)), 

n(s) = 45 (0, cos (V3 Ins) — V3 sin (V3 Ins), 
— sin (V3 Ins) — V3 cos (V3 Ins)), 


2Vv3 oe 08 | 
3 p 273° ki = 57: 


b(s) = (2, 2 sin(V3 Ins) + 3 cos (V3 Ins), 
8 cos (V3 Ins) — 3 sin(/3Ins)), 
ky = 2. 


K= 


— 3 
T=5: 


324 


20 
20,4 


-20 
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10 


Fig. 4. The T&-equiform Smarandache curve 3(6*) on S¢. 


Hence, the equiform parameter is 6 = f«ds=2/3s+c. Here 


6 
e ea So the 


we take c=0O, then we have s = e9/2V3 and p= fA 


equiform spacelike curve ¢ is define as (see Fig. 2) 


C(O) = (vie™, e973 gin (5) BP cos (5). 


It easy to show that 


caida Comer ee Cae 0\ 1 Oy a fe 
gt 5) + COS 5) 3° 5) sin 5) 7 


T(@) = 5) 


It is clear that T is an equiform spacelike vector. Also 


oy. 2" 0; 6s sin ca ee sin cos 2 

: NO Te es 0 arc aes ve Du 
and 

E(@)= “~(4(5) + 3 cos (5)-<08(5) vasin(3)). 


Then 7 is an equiform spacelike vector and & is an equiform time- 
like vector. 

The Ty-equiform Smarandache curve 3(6*) of the curve ¢(@) is 
given by (see Fig. 3) 


os 
3(0*) = a (3 (2V3 + 1) cos (5) 


+ @-v3sin(5),.2-v)e08(5) (2V3 4 nsin(5)), 


The Té-equiform Smarandache curve 3(6*) of the curve ¢(@) is 
given by (see Fig. 4) 


fi 
3(6") = ale : (20 + 73), (2 vasin($) 
6 6 _ [8 
+ (2V3 4 )e0s(5).0 ve0s (5) (2V3 4 sin(5)), 


Fig. 5. The 7-equiform Smarandache curve 3(8*) on S¢. 


The n&-equiform Smarandache curve 8(0*) of the curve ¢(0) is 
given by (see Fig. 5) 


rm sd ) _ (0 
3(6*) = 5 (100 (5).-sn($)). 


The Tné-equiform Smarandache curve 3(6*) of the curve ¢(0) is 
given by (see Fig. 6) 
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